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ABSTRACT
Accreting neutron stars (NSs) often show coherent modulations during type I X-ray bursts, called burst os-
cillations. We consider whether a nonradial mode can serve as an explanation for burst oscillations from those
NSs that are not magnetic. We find that a surface wave in the shallow burning layer changes to a crustal inter-
face wave as the envelope cools, a new and previously uninvestigated phenomenon. The surface modulations
decrease dramatically as the mode switches, explaining why burst oscillations often disappear before burst
cooling ceases. When we include rotational modifications, we find mode frequencies and drifts consistent with
those observed. The large NS spin (≈ 270 − 620 Hz) needed to make this match implies that accreting NSs are
spinning at frequencies ≈ 4 Hz above the burst oscillation. Since the long-term stable asymptotic frequency
is set by the crustal interface wave, the observed late time frequency drifts are a probe of the composition
and temperature of NS crusts. We compare our model with the observed drifts and persistent luminosities of
X-ray burst sources, and find that NSs with a higher average accretion rate show smaller drifts, as we predict.
Furthermore, the drift sizes are consistent with crusts composed of iron-like nuclei, as expected for the ashes
of the He-rich bursts that are exhibited by these objects.
Subject headings: stars: neutron — stars: oscillations — X-rays: bursts — X-rays: stars
1. INTRODUCTION
Type I X-ray bursts are the result of unstable nuclear burn-
ing on the surface of accreting neutron stars (NSs) (see re-
views by Bildsten 1998; Strohmayer & Bildsten 2003), trig-
gered by the extreme temperature sensitivity of triple-α re-
actions (Hansen & Van Horn 1975; Woosley & Taam 1976;
Maraschi & Cavaliere 1977; Joss 1977; Lamb & Lamb 1978).
They have rise times of seconds with decay times ranging
from tens to hundreds of seconds, depending on the composi-
tion of the burning material. When the NS is actively accret-
ing the bursts repeat every few hours to days, the timescale to
accumulate an unstable column of fuel.
Oscillations are often seen in the burst light curves both be-
fore and after the burst peak (Muno et al. 2001, and references
therein). They have frequencies of 270 − 620 Hz (with one
case of 45 Hz, Villarreal & Strohmayer 2004) and typically
show positive drifts of ≈ 1 − 5 Hz. During the burst rise, the
frequency and amplitude evolution are consistent with a hot
spot from the burst ignition spreading over the NS surface
(Strohmayer, Zhang, & Swank 1997), but the positive drift in
the decaying tail has not yet been satisfactorily explained.
Cumming & Bildsten (2000) explored Strohmayer et al.’s
(1997) hypothesis that this spin-up is simply angular momen-
tum conservation as the surface layers expand and contract.
Heyl (2000) and Abramowicz, Kluz´niak, & Lasota (2001)
pointed out the importance of general relativistic corrections,
and Cumming et al. (2002) eventually concluded that this
mechanism underpredicts the observed drift sizes. These
works did not resolve the cause of the surface asymmetry at
late times, long after any hot spots should have spread over
the surface (Bildsten 1995; Spitkovsky, Levin, & Ushomirsky
2002). The asymptotic frequency is characteristic to a given
object and is very stable over many observations (within 1 part
in 103, Muno et al. 2002). This fact, along with burst oscilla-
tions seen from two accreting millisecond pulsars at their non-
bursting pulsar frequency (SAX J1808.4-3658, Chakrabarty
et al. 2003; XTE J1814-338, Strohmayer et al. 2003), have
led many to conclude that burst oscillations exactly indicate
the NS spin frequency.
However, it remains a mystery as to what creates the sur-
face asymmetry in those accreting NSs that do not show
pulsations in their persistent emission. In Table 1 we sum-
marize the burst oscillations seen from 12 non-pulsar NSs.
Since these objects have weaker magnetic fields than the
accreting pulsars, their burst oscillations may well be due
to a different mechanism. This hypothesis is supported by
many differences between the burst oscillations from pul-
sars and non-persistently pulsating NSs. The non-pulsars
only show burst oscillations in short (2 − 10 s) bursts (ex-
cluding superbursts, see Table 1), while the pulsars have
also shown burst oscillations in longer bursts (in XTE
J1814-338, Strohmayer et al. 2003). The non-pulsars show
frequency drifts during burst cooling, often late into the
burst tail, while the pulsars only show drifts during the
burst rise with no frequency evolution after the burst peak
(Chakrabarty et al. 2003; Strohmayer et al. 2003). The non-
pulsars have burst oscillations that are highly sinusoidal while
the pulsars show slight harmonic content (compare the re-
sults of Muno, Özel, & Chakrabarty 2002 with Strohmayer
et al. 2003). Finally, the pulsed amplitude as a function
of energy is different between the two categories of ob-
jects (Muno, Özel, & Chakrabarty 2003; Watts & Strohmayer
2004).
1.1. Nonradial Modes as Burst Oscillations
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An attractive explanation for the burst oscillations in non-
magnetic NSs is that they originate in nonradial oscillations
(Heyl 2004) since this is an obvious way to make large
scale asymmetries in a liquid. Nonradial oscillations on
bursting NSs were previously studied by McDermott & Taam
(1987), but this was before the discovery of burst oscillations
(Strohmayer et al. 1996). They did not incorporate many im-
portant physical details such as a fast NS spin and the crustal
interface mode which are crucial to our arguments. The an-
gular and radial eigenfunctions that are allowed for such a
mode are severely restricted by the many properties of burst
oscillations. Heyl (2004) identified that the angular structure
must be given by an m = 1 buoyant r-mode. His arguments
for this are as follows. The highly sinusoidal nature of the os-
cillations (Muno, Özel, & Chakrabarty 2002), implies an az-
imuthal quantum number of m = 1 or m = −1 for the surface
asymmetry. A mode with frequency ω in a frame co-rotating
with the stellar surface is seen by an inertial observer to have
a frequency
ωobs = |mΩ−ω|, (1)
whereΩ is the NS spin. Since the frequency of a surface wave,
ω, decreases as the star cools, the mode must be traveling ret-
rograde to the spin (m> 0) for a positive frequency drift in the
observer’s frame. The fast NS spin (which we argue is close to
the burst oscillation frequencies of ≈ 270 − 620 Hz) alters the
latitudinal eigenfunctions, so that the angular eigenfunctions
are no longer given by spherical harmonics, and ω is simi-
larly modified (as we summarize in §4.2, also see Longuet-
Higgins 1968; Bildsten, Ushomirsky, & Cutler 1996, here-
after BUC96; Piro & Bildsten 2004). Due to these effects,
Heyl (2004) concluded that r-modes are ideally suited to be
burst oscillations because they have m > 0, their latitudinal
eigenfunctions span a wide region around the equator so that
they may be easier to observe, and the rotational modifications
to ω result in small drifts.
The remaining outstanding problem with Heyl’s explana-
tion was in identifying the correct radial structure of the mode.
The outer NS during burst cooling has three separate layers: a
hot bursting layer that was heated during the burning, a cooler
ocean below, and finally the shallow region of the crust (see
Figure 1). A natural first guess for the cause of the burst os-
cillation is a shallow surface wave excited in the hot bursting
layer and riding the buoyancy at the bursting-layer/ocean in-
terface. One problem with this explanation is that this mode
overestimates the observed frequency shifts (as the bursting
layer cools from 109 K to a few×108 K, the mode frequency
changes by too much, even once rotational modifications are
included). In addition, this mode cannot reproduce the ex-
treme stability of the measured asymptotic frequencies (a sur-
face wave’s frequency will vary depending on the temperature
and resulting composition that is unique to each burst).
We solve these difficulties by including both the shallow
surface wave and the crustal interface wave (Piro & Bildsten
2005, hereafter PB05). The latter is concentrated in the ocean
and rides the ocean/crust interface. These two modes have fre-
quencies close enough that they undergo an avoided crossing
during the burst cooling. The case we focus on here is one in
which the energy in the surface wave “adiabatically” changes
into the crustal interface wave as the burst cools. This switch
solves the two problems listed above because: (1) switching
to a crustal interface wave ceases the frequency evolution so
that the predicted frequency drifts match the observed drifts,
and (2) the final frequency is stable and characteristic to each
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FIG. 1.— Diagram of the NS surface layers during the decaying tail of
an X-ray burst. The surface is composed of three regions, a hot layer of
recently burned fuel with temperature Tb, a cooler ocean with temperature
Tc, and the outer crust also with Tc. The bursting-layer/ocean interface is
at a depth determined by where unstable burning ignites during the X-ray
burst, while the ocean/crust interface occurs at the crystallization depth of the
ocean material. Each interface provides a buoyancy that is a natural place for
supporting modes. During the beginning of the burst the region just above the
bursting-layer/ocean interface is convective, but we ignore this complication
to simplify our analysis.
object because it only depends on the crust’s properties, which
do not change from burst to burst.
1.2. Outline of Paper
In §2 we use simple analytic arguments to describe our idea
for how the surface wave and crustal interface wave interact
to reproduce the main features of burst oscillations. In §3
we present time dependent numerical models to simulate the
NS surface during the cooling following an X-ray burst. This
model is used in §4 to calculate the eigenfrequency spectrum,
focusing on the surface wave and crustal interface wave, in-
cluding rotational modifications expected for a quickly rotat-
ing NS. We also estimate the time dependent oscillation am-
plitude, showing that it decreases as the surface wave changes
into a crustal interface wave. In §5 we compare the observed
drifts and persistent luminosities with our analytic mode es-
timates. We consider other modes in §6, and examine the
prospects for their detection. We then conclude with a sum-
mary of our results in §7.
2. ANALYTIC SUMMARY AND DEPENDENCE ON THE
NEUTRON STAR CRUST
We now outline why the shallow surface wave and crustal
interface wave are consistent with the properties of burst os-
cillations. This demonstrates which properties of the NS crust
are constrained by burst oscillation observations.
A shallow surface wave in the hot bursting layer (see Figure
1) has a frequency
ω2s = gHbk2
∆ρ
ρ
, (2)
where g = GM/R2 is the surface gravitational acceleration,
Hb = P/(ρg) is the pressure scale height at the base of
the bursting layer, k2 = λ/R2 is the transverse wavenumber,
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∆ρ/ρ = 1−Tcµb/(Tbµc) is the fractional density contrast at the
burning depth, and µb (µc) is the mean molecular weight in the
bursting layer (ocean). Throughout we assume that the ocean
and crust have the same temperature and composition. In the
non-rotating limit λ = l(l + 1), where l is the normal spherical
harmonic quantum number. For a quickly spinning NS, λ is a
function of Ω and ω, which can be accurately calculated using
the “traditional approximation” (as we summarize in §4.2, or
see BUC96). In agreement with Heyl (2004) we show that
the only low order, rotationally modified angular mode that
reproduces all of the properties of the burst oscillations is a
buoyant r-mode, which has λ ≈ 1/9 ≈ 0.11 in the quickly
spinning limit (this mode is often identified as the l = 2, m = 1
r-mode from the slowly rotating limit, Piro & Bildsten 2004).
Using the scalings from equation (2),
ωs
2pi
= 10.8 Hz
(
2Zb
Ab
)1/2( Tb
109 K
)1/2(10 km
R
)
×
(
λ
0.11
)1/2(
1 − Tc
Tb
µb
µc
)1/2
, (3)
where Ab and Zb are the mass number and charge of the ions
in the bursting layer, respectively, and we use an ideal gas
equation of state. The final term from the density disconti-
nuity is ≈ 0.8 near the burst peak. This frequency is consis-
tent with the low-order modes found by McDermott & Taam
(1987), but with λ = 2, as appropriate for the l = 1 modes on a
non-spinning NS that they studied.
The crustal interface wave has a frequency set by the cool
NS ocean (PB05),
ω2c = µ0gHck2, (4)
where µ0 = µ/P ∼ 10−2 (see §4.1) is the ratio of the shear
modulus to the pressure at the top of the crust, and the scale
height, Hc, is evaluated at this same depth. Equation (4) is
the dispersion relation for a shallow surface wave, but with
a factor of µ0 due to crust compression. For the tempera-
tures expected at the bottom of the ocean, and using a pressure
dominated by degenerate, relativistic electrons (PB05)
ωc
2pi
= 4.3 Hz
(
64
Ac
)1/2( Tc
3× 108 K
)1/2
×
(
10 km
R
)(
λ
0.11
)1/2
, (5)
where the prefactor is set to match our numerical results, and
Ac is the mass number of nuclei in the crust.
The shallow surface mode’s frequency decreases as the
layer cools. Once Tb cools to Tc ≈ 3× 108 K (and using
µb/µc ≈ 1.0), we find that the surface wave’s frequency drifts
by ≈ 9 Hz, much larger than the observed shifts. This is one
of the key problems with explaining the burst oscillations with
only a shallow surface wave. When the crustal interface wave
is included, it is possible that during the cooling ωs = ωc, at
which point the surface wave evolves into a crustal interface
wave (a transition we discuss in §4.3). The frequency then
remains fixed because Tc does not change during the X-ray
burst. The drift then is only ∆ω = ωs −ωc, where ωs is its
value at the beginning of the burst when Tb ≈ 109 K, result-
ing in ∆ω/(2pi) . 5 Hz, much closer to observations. In this
picture, the size of the drift is approximately set by the com-
position and temperature of the crust. A crust that is hotter
or composed of lighter elements has a higher crustal inter-
face wave frequency, and therefore its drifts are smaller. The
observed drifts require a crust with Tc = (2 − 6)× 108 K for
Ac = 50 − 100. We come back to these scalings when we con-
sider the observed drifts in §5.
3. COOLING X-RAY BURST ENVELOPE MODELS
We numerically calculate the time evolution of the cool-
ing surface layers and ocean following Cumming & Macbeth
(2004). Since the NS radius, R≈ 10 km, is much greater than
the pressure scale height Hc ≈ (2 − 4)× 104 cm, we approx-
imate the surface as having a constant gravitational acceler-
ation, g = GM/R2 ≈ 2× 1014 cm s−2(M/1.4M⊙)(10 km/R)2
(neglecting general relativity), and plane-parallel geometry.
We use z and x as our radial and transverse coordinates, re-
spectively, and in addition find it useful to use the column
depth, denoted as y (defined by dy = −ρdz), giving a pressure
P = gy.
The initial profile of the envelope following the burning
is that of a hot, flux dominated, bursting layer sitting above
a cooler, lower flux ocean. To mimic this situation, we
assume a constant flux of Fb ≈ 1025 erg cm−2 s−1 (basically an
Eddington flux as seen in radius expansion bursts that often
proceed burst oscillations) above a burning depth column
of yb = 3× 108 g cm−2 (Bildsten 1998). The choice of this
depth mainly affects the cooling timescale, with a deeper yb
resulting in an extended light curve. This has a small effect
on the frequencies since for an electron scattering dominated,
constant flux envelope Tb ∝ y1/4b , so from equation (3),
ωs ∝ y
1/8
b . Previous studies of constantly accreting NSs have
shown that the interior thermal balance is set by electron
captures, neutron emissions, and pycnonuclear reaction in
the inner crust (Miralda-Escudé, Paczyn´ski, & Haensel
1990; Zdunik et al. 1992; Bildsten & Brown 1997;
Brown & Bildsten 1998; Brown 2000, 2004) which re-
lease ≈ 1 MeV/mp ≈ 1018 erg g−1 (Haensel & Zdunik 1990,
2003). Depending on the accretion rate and thermal structure
of the crust, this energy will either be conducted into the
core or released into the ocean such that for an Eddington
accretion rate up to ≈ 92% of the energy is lost to the
core and exits as neutrinos (Brown 2000). Since we wish
to investigate how the properties of the crust affect the
characteristics of the burst oscillations we treat this crustal
flux, Fc as a free variable, and consider its effects around a
value of 1021 erg cm−2 s−1 (as expected for M˙ ≈ 10−9M⊙ yr−1,
about one-tenth the Eddington rate).
We use the results of Schatz et al. (2001) and Woosley et al.
(2004) to set the compositions. Table 2 lists the key properties
of our models, which sample a range of conditions expected
for the surfaces of bursting NSs. We consider only one nu-
clear species per layer, where that species is chosen to repre-
sent the wide range of elements that actually exist. In He-rich
bursts, the burning predominantly produces α-elements and
cooling lasts ∼ 10 s as observed with burst oscillations. We
expect more mixing during these bursts due to convection at
the ignition depth (Woosley et al. 2004; Weinberg & Bildsten
2005), so that µb/µc ∼ 1. Models 1 and 2 are meant to rep-
resent this type of burst, with Model 2 exploring the changes
that occur for a large Tc. On the other hand, bursts with a com-
position closer to solar (mixed H/He bursts) produce a heavy
ocean of ashes from rp-process burning and also less mixing
so that µb/µc . 1. These bursts occur on objects such as GS
1826 − 24 (Galloway et al. 2004) and have never shown burst
oscillations. Model 3 represents this case, but without the ex-
tra heat source of the rp-process burning. This only changes
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the timescale of the cooling and frequency evolution, and does
not affect the calculated mode frequencies nor drifts.
The density of the liquid/solid transition, ρc, when crystal-
lization begins is set by the dimensionless parameter
Γ≡
(Zce)2
ackBTc
= 169
(
3
Tc,8
)(
Zc
30
)2(64
Ac
)1/3(
ρ
109 g cm−3
)1/3
, (6)
where kB is Boltzmann’s constant, Tc,8 ≡ Tc/108 K, Zc is the
charge of the crust nuclei, and ac = (3/4pini,c)1/3 is the average
ion spacing with ni,c the ion number density in the crust. This
transition occurs at Γ≈ 173 (Farouki & Hamaguchi 1993 and
references therein), implying a density at the top of the crust,
ρc = 1.1× 109 g cm−3
(
Tc,8
3
)3
×
(
Ac
64
)(
30
Zc
)6(
Γ
173
)3
. (7)
Since material in the crust is simply ocean material that was
advected there by accretion, we assume that the ocean and
crust have the same composition.
We next construct our envelope models using the parame-
ters summarized above and follow their evolution forward in
time. Cooling is described by the heat diffusion equation with
no source terms,
cp
∂T
∂t
=
∂F
∂y
, (8)
where cp is the heat capacity at constant pressure, and the
radiative flux is
F =
4acT 3
3κ
∂T
∂y
, (9)
where a is the radiation constant and κ is the opacity. The
opacity is set using electron-scattering (Paczyn´ski 1983), free-
free (Clayton 1993 with the Gaunt factor of Schatz et al.
1999), and conductive opacities (Schatz et al. 1999 using
the basic form of Yakovlev & Urpin 1980), and we assume
that the crust opacity is set in the same way. We solve for
ρ using the analytic equation of state from Paczyn´ski (1983).
The initial temperature profile is found by integrating equa-
tion (9) with the flux profile described above. The envelope
is then evolved in time according to equation (8) using fi-
nite differencing techniques. We use a grid that is uniform in
sinh−1[log(y/yb)] (Cumming & Macbeth 2004), so as to prop-
erly resolve the temperature jump at the burning depth. Figure
2 shows the initial profile along with the profiles at time steps
from 0.1 − 10.0 s for Model 1. The majority of the evolution
is concentrated in the outer hot bursting layer with a negligi-
ble thermal wave diffusing into the ocean and crust, due to the
long thermal time at these depths (consistent with the work of
Woosley et al. 2004). These general features are shared by all
of the models we consider.
4. NONRADIAL MODES DURING X-RAY BURST COOLING
We now calculate the time dependent spectrum of mode
frequencies, focusing on the surface and the crustal interface
waves. Even though the NS is spinning quickly, Ω/(2pi) ≈
270 − 620 Hz, the buoyancy of the envelope dominates over
FIG. 2.— Temperature, density, and flux for a He-rich bursting NS en-
velope (Model 1). The initial profile is a flux of 1025 erg s−1 cm−2 above a
column of 3×108 g cm−2, with a flux of 1021 erg s−1 cm−2 below (thick solid
lines). The curves show time steps of 0.1 s (solid), 0.3 s (dotted), 1.0 s (short-
dashed), 3.0 s (long-dashed), and 10.0 s (dot-dashed). The majority of the
time dependent change occurs in the outer hot bursting layer where the local
thermal time is short. These profiles extend down into the crust (which begins
at a column of 5.3×1012 g cm−2), but here we just focus on the region where
the main changes occur.
Coriolis effects and determines the radial structure of the
modes (BUC96). This is because N2 ∼ 1010 s−2≫RΩω/Hc∼
106 s−2, where the internal buoyancy of the envelope is mea-
sured by the Brunt-Väisälä frequency
N2 = −g
(
d logρ
dz −
1
Γ1
d logP
dz
)
, (10)
and Γ1 ≡ (∂ logP/∂ logρ)s is the adiabatic exponent. Further-
more, since the modes are squeezed into a thin outer layer
of thickness ≈ Hc ≪ R, they have predominantly transverse
amplitudes. Together these properties justify accounting for
the effects of rotation by using the “traditional approxima-
tion” (BUC96). This simplification allows the angular part
of the perturbation equations to be separated from the radial
part, and solved as an eigenvalue equation for λ (the “effec-
tive wavenumber”), where λ is a function of Ω and ω. For
this reason, we focus on the radial equations first, and then
introduce the angular and spin dependent parts afterwards in
§4.2.
4.1. Radial Mode Equations
Solving for the radial eigenfunctions requires considering
the governing mode equations both in the bursting layer and
ocean, and also in the NS crust. The bursting layer and ocean
have no shear modulus, so adiabatic perturbations in this re-
gion are described by the nonradial oscillations equations for
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an inviscid fluid in hydrostatic balance and plane-parallel ge-
ometry (Bildsten & Cutler 1995, hereafter BC95)
dξz
dz −
ξz
Γ1H
=
(
gHk2
ω2
−
1
Γ1
)
δP
P
, (11)
d
dz
δP
P
−
(
1 − 1
Γ1
)
1
H
δP
P
=
(
ω2
g
−
N2
g
)
ξz
H
, (12)
where ξz is radial displacement and δP/P is the Eulerian pres-
sure perturbations. The Eulerian perturbations are related to
the Lagrangian perturbations by ∆P = δP − ξzρg. When cal-
culating g-modes (including the shallow surface wave), equa-
tions (11) and (12) are sufficient since these modes are ex-
cluded from the NS crust (BC95). The only exception is the
crustal interface mode (PB05), where it is crucial to solve the
mode equations with a nonzero shear modulus, µ, in the NS
crust (BC95). For a classical one-component plasma the shear
modulus is (Strohmayer et al. 1991)
µ =
0.1194
1 + 0.595(173/Γ)2
ni,c(Zce)2
ac
, (13)
where Γ is given by equation (6). Since the pressure in the
crust is dominated by degenerate, relativistic electrons we
rewrite µ as
µ
P
=
1.4× 10−2
1 + 0.595(173/Γ)2
(
Zc
30
)2/3
. (14)
In the crust µ/P is fairly independent of temperature (except
for a small dependence in the factor of Γ in the denominator),
so we substitute µ0 ≡ µ/P and assume that µ0 is constant with
depth (PB05).
4.2. Rotational Effects
Before the mode equations can be integrated, we must con-
sistently set λ with respect to ω andΩ. The dispersion relation
that relates these three variables is described by BUC96 (from
the work of Longuet-Higgins 1968), and results in a large va-
riety of angular eigenfunctions for a given radial structure.
Heyl (2004) showed that very few of these (just the m = 1
buoyant r-modes) match the properties of burst oscillations.
We summarize these results here, both for completeness and
because we consider the presence of additional modes in §6.
Maniopoulou & Andersson (2004) have extended the tradi-
tional approximation to include general relativity, which in-
troduces corrections to the co-rotating mode frequencies, ω,
due to frame-dragging and red-shifting. Each of these ef-
fects contribute differently depending on the angular eigen-
function under consideration, and combined they can decrease
ω by as much as 20%. Since the buoyant r-modes have fre-
quencies independent of spin (as we describe below), we ex-
pect frame-dragging to be negligible and red-shifting to be
the main change to the normalization of ω (as is found for
the Kelvin mode by Maniopoulou & Andersson 2004). From
equations (3) and (5) we see that such corrections are degen-
erate with slight changes in the radius and temperature of the
NS, and therefore we do not include them.
There are two sets of solutions for λ, which are both typi-
cally presented in the literature as a function of the “spin pa-
rameter,” q = 2Ω/ω (so that for a quickly spinning star q≫ 1)
The first set is comprised of the rotationally modified g-modes
(those with m 6= −l) and the Kelvin modes (m = −l), which are
shown in Figure 3. In the slowly rotating limit, q ≪ 1, we
find λ ≈ l(l + 1)≈ 2 or 6 (for l = 1 or 2, respectively), but as
FIG. 3.— Effective wavenumber λ as a function of the spin parameter
q = 2Ω/ω for the rotationally modified g-modes (m 6= −l) and Kelvin modes
(m = −l). Solid lines denote modes for which l = 1 in the non-rotating limit
with m = −1, 0, and 1 (from bottom to top). The dashed lines denote modes
for which l = 2 in the nonrotating limit with m = −2, −1, 0, 1, and 2 (from
bottom to top). For q ≫ 1, λ ∝ q2, except if m = −l, which asymptotes to
λ = m2 (the Kelvin modes). Unfortunately, none of these dispersion relations
are consistent with the burst oscillations because they either have frequency
shifts much too large (in the case of the rotationally modified g-modes) or
shifts with the wrong sign (in the case of the Kelvin modes).
the spin increases λ splits depending on its m value. It then
asymptotes to scaling as λ ∝ q2 (in the case of the rotation-
ally modified g-modes) or as λ = m2 (in the case of the Kelvin
modes).
We present these solutions to emphasize that none of these
modes are consistent with burst oscillations. The rotationally
modified g-modes all have λ≫ 1 when the star is rotating
quickly. This implies large mode frequencies (see eqs. [3] and
[5]), and frequency drifts larger than observed. (In §6 we ex-
plore whether these modes exist in burst cooling light curves,
but are not seen because of their large frequency drifts.) The
Kelvin modes are inconsistent because they are all prograde
(m < 0), so that as the surface cools an observer would see a
decreasing frequency.
The other set of solutions are a group of modes unique to the
case of a rotating star, the r-modes, which we plot in Figure
4. These occur as zero frequency solutions for a non-rotating
star, corresponding to incompressible toroidal displacements
on the stellar surface. When the star is rotating, Coriolis ef-
fects turn these solutions into normal modes of oscillation. In
the slowly rotating limit the NS spin and mode frequency are
directly proportional,
ωr =
2mΩ
l(l + 1) , (15)
(Saio 1982; Lee & Saio 1986), which are the well-studied in-
ertial r-modes. More relevant for our work here is the case
when q≫ 1, which are the buoyant r-modes. For q≫ 1 the
r-modes with m = l exhibit λ ∝ q2, similar to the rotationally
modified g-modes from Figure 3, and thus also give frequency
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FIG. 4.— Effective wavenumber λ as a function of the spin parameter
q = 2Ω/ω for the r-modes. Solid lines denote modes for which m = 1, with
values of l (identified in the slowly rotating limit using eq. [15]) of 1, 2, and
3 (from left to right). Dashed lines denote modes for which m = 2, with l = 1,
2, and 3 (from left to right). We favor the l = 2, m = 1 mode (thick line) as
explaining the burst oscillations, which has λ ≈ 1/9 ≈ 0.11 in the quickly
rotating limit.
shifts too large for burst oscillations. More promising are the
r-modes with m < l, which have λ . 1 and therefore small
frequency shifts. Furthermore, since all r-modes have m > 0,
they are traveling retrograde with respect to the NS spin, and
provide increasing shifts as the NS cools. We favor the l = 2,
m = 1 mode (denoted with a thick line in Figure 4) over any
of the other λ≪ 1 r-modes because: (1) m = 1 is implied
from the observations and this is the lowest order m = 1 mode
that gives frequencies and shifts consistent with burst oscil-
lations and (2) any higher order λ≪ 1 r-mode has multiple
bands of hot and cold regions at different latitudes, so that
it should be more difficult to observe than the l = 2, m = 1
mode. It is rather remarkable that with the number of rota-
tionally modified modes that exist, this is the only one that
fits all the required properties! For this mode λ≈ 1/9≈ 0.11
in the quickly rotating limit, as we used when estimating the
mode frequencies in §2.
A further reason for favoring the buoyant r-modes is that
their latitudinal eigenfunctions may be easier to observe (Heyl
2004). Modes with λ≫ 1 have their eigenfunction squeezed
near the equator within an angle cosθ < 1/q, where θ is mea-
sured from the pole. On the other hand, the m < l r-modes
and Kelvin modes have much wider eigenfunctions that span
most of the surface. This means that given a fixed equato-
rial perturbation, the pulsed fraction is larger for these latter
modes.
4.3. Eigenfunctions and Frequencies in Rotating Frame
Normal modes of oscillation are found by assuming ∆P = 0
at the top boundary, which is set at a depth where the local
thermal time is equal to the mode period (tth = 2pi/ω, where
tth ≡ cpyT/F). This top condition, though not unique, is
fairly robust since little mode energy resides in the low den-
sity upper altitudes (BC95). This is especially true for the
two modes we study here, which have their energy concen-
trated at their respective interface. We numerically integrate
the mode equations, shooting for the condition that ξz ≈ ξx≈ 0
deep within the crust, where ξx is the transverse displace-
ment. This may not be the case in a more realistic calcu-
lation of the crust, but as long as we set this bottom depth
deep enough, ≈ 1017 g cm−2, we recover the asymptotic so-
lutions of PB05. When we change from integrating the non-
viscous mode equations to those appropriate in the crust, we
must properly set boundary conditions (PB05).
When solving the mode equations we use an effective wave
number λ ≈ 0.11, as described in §4.2. There are many so-
lutions to the mode equations, which form a complete basis
set of functions. We focus on the low frequency solutions (as
opposed to the f-mode or p-modes) because they are a better
match to the observed frequencies. These solutions are or-
dered from high to low frequency, with each successive mode
having an additional node in its radial eigenfunctions. In Fig-
ure 5 we plot the radial and transverse displacement eigen-
functions (ξz and ξx, respectively, given in cm) for the first
three low frequency solutions from Model 1 after 0.1 s of
cooling. In addition we plot the energy per logarithm column
density,
dE
d logy =
1
2
4piR2ω2ξ2y, (16)
where ξ2 = |ξx|2 + |ξz|2 is the total displacement. This indi-
cates where the kinetic energy of the mode is concentrated.
We normalize the total integrated energy of each mode to be
5× 1036 ergs, 10−3 of the total energy released by unstable
nuclear burning (Bildsten 1998). At 9.14 Hz (where this is
the frequency in the rotating frame on the NS surface, ω) we
find a mode with a single node in its eigenfunctions (shown as
a cusp in ξz and less apparent in ξx because there is always a
node at the crust at a column of yc = 5.3×1012 g cm−2). Since
the energy is concentrated in the bursting layer this is identi-
fied as the shallow surface wave. The next mode at 4.30 Hz
has an additional node and therefore a different parity than the
surface wave. Its energy is distributed very differently, largely
concentrated at the bottom of the ocean, so it is identified as
the crustal interface mode. All modes with lower frequencies
are g-modes, and we show the first g-mode (at 3.10 Hz) with
three nodes.1 These modes are trapped in either the burst-
ing layer or ocean and are identified by a relatively constant
energy distribution in each region (the example shown is the
prior case).
Since both the surface wave and the first g-mode are con-
centrated in the bursting layer, they each exhibit frequency
drifts as the bursting layer cools, making them both attractive
as being burst oscillations. We therefore consider the radia-
tive damping time for each mode to narrow down the choice
of radial eigenfunction. The rate of energy loss averaged over
one oscillation cycle from an adiabatic perturbation is esti-
mated from the “work integral” (Cox 1980; Unno et al. 1989),
which, when there is no energy source, is
dE
dt =
ω
2pi
∮
dt
∫
Γ3 − 1
Γ1
∆P
P
∆
(
dF
dy
)
4piR2dy, (17)
where Γ3 − 1 ≡ (∂ logT/∂ logρ)s. The integral is negative
when a mode is damped and positive when a mode is excited.
1 These g-modes should not be confused with the rotationally modified g-
modes from §4.2. Here we are only considering the radial eigenfunction. In
the previous case we were discussing the angular eigenfunctions, which can
be applied to any radial eigenfunction.
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FIG. 5.— Displacement eigenfunctions (given in cm) and energy density (measured in ergs and given by eq. [16]) of the first three low frequency solutions.
These are from Model 1 after 0.1 seconds of cooling and all with λ = 0.11. The frequencies are in the rotating frame on the NS surface, ω. From high to low
frequency (left to right), these are the shallow surface wave, the crustal interface wave, and the first g-mode. All lower frequency solutions are also g-modes.
Each lower frequency mode contains an additional node, which are shown by the cusps because we plot the absolute value of the displacements. The transverse
displacement, ξx, always has a node at the crust at a column of 5.3× 1012 g cm−2 .
From this and the total mode energy (integrating eq. [16]) we
can estimate the damping e-folding time of a mode’s ampli-
tude,
tdamp =
(∫ dE
d logyd logy
)∣∣∣∣dEdt
∣∣∣∣
−1
, (18)
where the absolute value has been included to make this
timescale positive (since all modes we consider are damped).
Figure 6 shows tdamp for both the surface wave and the first
g-mode as functions of time since the burst peak. To ac-
curately calculate the integral from equation (17) we must
drop derivatives of ∆P/P near the surface because our im-
posed boundary condition of ∆P = 0 results in unphysical lo-
cal mode excitation (for a description of another way to set
this boundary condition see Goldreich & Wu 1999). The g-
mode is damped on a timescale an order of magnitude faster
than the surface wave. Though both the first g-mode and the
surface wave have energies concentrated in the bursting layer
(see far left and right panels at the bottom of Figure 5), each
mode’s energy distribution is different within this region. Ra-
diative damping predominantly takes place at the top of the
atmosphere (Piro & Bildsten 2004), so that a mode with more
of its energy distributed there is more damped. It is some-
what difficult to see because of the large dynamic range we
show, but the energy of the g-mode is approximately constant
in the bursting layer, while the shallow surface wave’s energy
varies by almost an order of magnitude in the bursting layer
(compare the bottom panels on the far left and right of Fig-
ure 5). The ratio of damping timescales is therefore approx-
imately the ratio of energies between the top and bottom of
the bursting layer. After ≈ 0.5 s the g-mode has a damping
time shorter than the time for the burst to cool, so that the am-
plitude of this mode is exponentially damped. Higher-order
g-modes have different damping times depending on where
they are trapped. Those trapped in the bursting layer (like the
example shown) all have similar, short damping times. The g-
modes that are trapped in the ocean have much longer damp-
ing times (tdamp ≈ 5 − 10 s), but suffer from very small surface
amplitudes. The crustal wave has an even longer damping
time (tdamp & 103 s), but also has the problem of a small sur-
face amplitude. We therefore favor the surface wave as the
radial eigenfunction for the burst oscillations because of its
combined attributes of having a long damping time coupled
with a large surface amplitude from a small input of energy.
We next consider how the mode frequencies evolve with
time since burst peak. In Figure 7 we plot the first two eigen-
frequencies as a function of time for Model 1. The mode
parity does not change along each continuous line, with one
node present for the upper line and two nodes for the lower
line. Initially the upper frequency is the surface wave and
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FIG. 6.— Damping time, tdamp, as a function of the time since the burst
peak, for the mode with a single node (which is initially a surface wave) and
the mode with three nodes (the first g-mode), both from Model 1. The dashed
line shows were the damping time is equal to the time since burst peak. After
only ≈ 0.5 s the g-mode is exponentially damped on a timescale shorter than
0.5 s, so that it will not be observable.
the lower is the crustal interface wave, consistent with equa-
tions (3) and (5). The surface wave’s frequency decreases as
the bursting layer cools, eventually running into the crustal
mode. This creates an avoided crossing between the two
modes (which we highlight in the inset panel of Figure 7).
The eigenfunctions therefore change considerably along each
line from being characteristic of a surface wave to a crustal
interface wave (and vice versa). As long as the evolution of
the envelope is sufficiently slow, once excited a mode will
most likely evolve along one of these branches and not be
able to skip to the other because of differences in parity. We
do not show this rigorously, but think this is a reasonable
conclusion by considering analogies with perturbation the-
ory problems in non-relativistic quantum mechanics. In cases
where the background changes quickly, on a timescale shorter
than∼ 2pi/ω, mixing is highly possible as determined by tak-
ing inner products between initial and final states on either
side of the avoided crossing. On the other hand, in the case
we consider here the background changes very slowly, as is
supported by the fact that d(1/ω)/dt . 10−2 ≪ 1 (which we
calculated to check our conclusions). This implies that the
change can be treated as adiabatic, and the modes are not ex-
pected to mix at the crossing.
In Figure 8 we plot the energy of the single-node wave for
a sample of time steps from Model 1. We normalize the total
integrated energy of each mode to be 5×1036 ergs. Initially, at
4.0 s, the mode’s energy is concentrated in the recently burned
portion of the upper envelope. As time progresses the energy
goes deeper into the star, so that by 12.0 s, when the burst is
nearly over, the energy is concentrated at the bottom of the
ocean, just as expected for a crustal mode.
4.4. Observed Frequencies
We now focus on the evolving mode with a single node
because it is initially a surface wave, which as discussed in
§4.3 is the mode most least likely to be damped and also
have an appreciable amplitude. In Figure 9 we use equa-
tion (1) to plot the frequencies seen by an inertial observer
FIG. 7.— The frequency evolution of the surface wave and crustal interface
wave using Model 1. The upper curve follows the mode with one node in
its eigenfunctions, while the lower curve follows the mode with two. The
qualitative shapes of the eigenfunctions vary considerably along each curve.
Initially, the higher frequency mode corresponds to a shallow surface wave,
while the lower frequency mode is a crustal interface wave. As the lines move
to the right toward later times, the surface wave is sensitive to the cooling sur-
face layers and decreases, while the crustal wave does not evolve. Eventually
the two modes meet at an avoided crossing, which we display in an inset
panel. Past the avoided crossing, although the parity has not changed, the
higher frequency mode is now like a crustal wave, while the low frequency
mode is a surface wave.
(solid lines) for a NS spinning at 400 Hz (dotted line) for each
of our three models. We also show the light curves with a
dashed line. In the top panel we plot the results from Model
1. This shows that the NS spin is ≈ 4 Hz above the burst os-
cillation, just the frequency of the crustal mode. In the next
two panels we plot the frequency evolution of our other two
models, along with their respective light curves. In Model
2, the flux coming through the crust is a factor of 3 higher,
providing a significantly hotter crust. This causes the crystal-
lization to happen at much larger depths, resulting in a larger
crustal wave frequency. The mode crossing therefore happens
earlier, which can be seen by the smaller frequency drift, as
expected from the analytic considerations in §2. In Model
3, there is a slightly larger discontinuity at the burning depth
due to the heavy ashes from rp-process burning as expected in
H/He mixed bursts. This makes the evolution of the surface
wave much slower, so that in this case it does not transition
into a crustal interface wave, even after 14 seconds of cool-
ing. This shows that an avoided mode crossing is not a robust
property exhibited by every model. Observations of burst os-
cillations from such a NS would show more variance in its
asymptotic frequency because of this feature. On the other
hand, since Model 3 represents an rp-process burst and such
bursts do not exhibit burst oscillations, this has not been ob-
served. It is not clear from our models why the He models that
show mode crossings are the ones observed, while our H/He
models that don’t show crossings are not, especially since fre-
quency drifts like that shown in the bottom panel would be
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FIG. 8.— Energy of the single-node mode per unit logarithmic pressure
at different time steps, from Model 1. Each mode is normalized to a total
energy of 5× 1036 ergs, 10−3 of the total energy released in an X-ray burst.
At early times the mode looks like a shallow surface wave, with its energy
concentrated near in the bursting layer, but as it passes through the avoided
crossing (see Figure 7) its energy moves continually deeper and becomes
more like a crustal interface wave. The sharp feature at a column of 3×
108 g cm−2 is due to the density discontinuity at the burning depth. Below a
column of 5.3× 1012 g cm−2 the crust begins and the mode’s energy drops
off quickly.
observable if they existed. We discuss these issues further
when we conclude in §7.
As noted by Heyl (2004), since λ≈ 0.11 as long as q & 10,
any spin NS will exhibit similar frequency evolution as long
as Ω/(2pi) & 5ωs/(2pi)≈ 50 Hz. This makes it easy to com-
pare models with different spins, and constrains the explana-
tion of burst oscillations as modes since it requires that the
frequency shifts be spin independent. This is counter to the
studies of Cumming & Bildsten (2000), which predict that
the spin and drift size should be correlated. Although EXO
0748−676 is near this critical frequency (see Table 1), its drift
(assuming that it is not yet a crustal interface wave) is still not
heavily affected. We find a≈ 4 Hz drift instead of a 5 Hz drift
at higher rotation rates, so we still predict a spin frequency of
≈ 49 Hz for this object.
4.5. Surface Amplitude Evolution
As the surface wave evolves into a crustal wave, we ex-
pect the surface amplitude to decrease dramatically since the
crustal wave’s energy is mostly at the bottom of the ocean.
We estimate δP/P at our “surface” where the modes are no
longer adiabatic, tth = 2pi/ω, denoted (δP/P)s, which provides
a general idea for how the amplitude is changing. BC95 show
that the Eulerian perturbation δP/P is constant in the non-
adiabatic region, so that we only need to calculate it at our top
FIG. 9.— The observed frequency evolution of the single-node mode on
Models 1, 2, and 3 (solid curves). We use a NS spin of 400 Hz (dotted line).
For Model 1, this shows that while the mode is a surface wave it evolves
upward in frequency, but once it becomes a crustal wave it is very stable at a
frequency of ωc/(2pi) ≈ 4 Hz below the NS spin. In Model 2 the frequency
shift ends very early and is only ≈ 3 Hz because the crust is much hotter due
to a larger crustal flux. On the other hand, in Model 3 we find that an avoided
crossing between the surface wave and crustal wave does not occur while the
luminosity is at an observable level, so that the frequency never becomes flat.
Observations of a NS with oscillations like this would show more variance
in their asymptotic frequency in comparison to the other models we consider.
The dashed line is the surface luminosity as a function of time, assuming a
radius of 10 km.
boundary to estimate its value at the photosphere. Approxi-
mately 5× 1039 ergs of energy is released in an X-ray burst,
so we assume some small fraction of this is able to power
the mode. Since we do not know how much energy actually
leaks into the mode, we simply study values which result in
reasonably sized perturbations. A key conclusion is that only
a small fraction of the available energy is needed, ∼ 10−3, to
get perturbations of order unity. We assume that this energy is
conserved throughout the evolution of the mode, an approxi-
mation that is justified because the damping time of the mode
is always longer than the time that the burst has been cooling.
In Figure 10 we plot the surface perturbation as a function
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FIG. 10.— Evolution of the surface pressure perturbation for the single-
node mode from each of our models. In each case we assume a certain frac-
tion of the X-ray burst’s 5×1039 ergs of energy has gone into the modes, and
is then conserved in the mode as the envelope cools. The fractions we use
are 10−3 (model 1; solid line), 4× 10−3 (model 2; dashed line), and 2× 10−4
(model 3; dotted line). This demonstrates that appreciable amplitudes can
be expected, even if only a small fraction of the burst’s energy goes into the
modes. This also highlights how the amplitude quickly dies off once the
shallow surface wave turns into a crustal interface mode.
of time for all three models. In both Models 1 and 2 the per-
turbation drops off dramatically once the surface wave turns
into a crustal interface wave, especially in the case of Model
2, which has a thicker ocean. If the top of the crust is too
deep the resulting surface amplitude will be too small to ex-
plain burst oscillations. The total displacement is about con-
stant down to the crust with ξ ≈ ξx ≈ ξzR/h since the modes
are nearly incompressible. From our top boundary condi-
tion of ∆P = 0 we find (ξz/h)s = (δP/P)s, so that together
ξ ∼ (δP/P)sR. Using the scalings from equation (16), along
with the crustal mode frequency from equation (5) and the
density of crystallization from equation (7), the total crustal
wave energy at late times is approximately
Etotal,c ∼ 5× 1036 ergs
(
64
Ac
)(
30
Zc
)20/3( R
10 km
)2
×
(
λ
0.11
)[ (δP/P)s
0.1
]2( Tc
3× 108 K
)5
, (19)
where the prefactor has been set to match the numerical re-
sults. The predominant effect is that the surface amplitude
is very sensitive to the depth of the crust so that (δP/P)s ∝
Z20/3c T −5/2c for fixed energy. In Model 3 the switch to a
crustal interface wave never occurs, so that the amplitude
always stays large. An interesting feature of all the mod-
els is that at early times the amplitude actually increases.
This is because as the frequency initially decreases the dis-
placements must increase to maintain the same energy. Sug-
gestively, the time evolutions of the amplitudes, especially
for Model 1, are similar to the amplitudes measured by
Muno, Özel, & Chakrabarty (2002).
4.6. Magnetic Field Limits
The lack of persistent pulsations from the non-pulsar burst
oscillation sources implies a smaller magnetic field for these
objects. To prevent channeled accretion the surface dipole
field must be less than (Frank, King, & Raine 1992)
Bacc = 5.1× 107 G
(
M
1.4M⊙
)1/4(10 km
R
)5/4
×
(
M˙
10−9 M⊙ yr−1
)1/2
. (20)
Both the shallow surface wave and the crustal interface wave
exhibit large shears in their transverse displacements. Fol-
lowing BC95, the maximum magnetic field before the waves
would be dynamically affected is B2 ≈ 8piH2ρω2, where H is
chosen as appropriate for each mode. For the surface wave
this gives a limit (using eq. [3]),
Bs = 8.8× 107 G
(
2Zb
Ab
Tb
109 K
)(
yb
3× 108 g cm−2
)1/2
×
(
1.4M⊙
M
λ
0.11
)1/2(
1 − Tc
Tb
µb
µc
)1/2
. ,(21)
surprisingly close to Bacc considering that these two limits
result from vastly different physical mechanisms. For the
crustal interface mode (using eqs. [5] and [7]),
Bc = 1.2× 1010 G
(
64
Ac
)(
30
Zc
)11/3(Tc,8
3
)3
×
(
1.4M⊙
M
R
10 km
)(
λ
0.11
)1/2
, (22)
where we assume Γ = 173. This is much higher than ei-
ther of the two previous limits because the crustal inter-
face wave “lives” at such high pressures. The lack of
persistent pulses from the majority of X-ray bursters is
likely because of a weak field in the bursting layer and
ocean (Cumming, Zweibel, & Bildsten 2001), making our
non-magnetic mode calculation adequate for now.
5. COMPARISONS WITH OBSERVED DRIFTS
Brown, Bildsten, & Rutledge (1998) showed that the core
of a transiently accreting NS reaches a steady-state set by nu-
clear reactions deep in the crust, so that the luminosity de-
parting the crust is given by the time-averaged accretion rate
(Brown 2000). This means that crustal temperatures can be
inferred from an observable property, namely the average per-
sistent luminosity. Given the discussion from §2, we expect
objects with small observed drifts to have larger persistent lu-
minosities.
In Figure 11 we plot predicted frequency drifts using
the difference of equations (3) and (5). We relate Tc to
the persistent luminosity, Lpers, using the crustal models of
Brown (2005, private communication) for compositions of
56Fe (thick solid line) and 106Pd (thick dashed line). These
models are based on the calculational techniques described
in Brown (2004). We then plot the observed luminosities
and largest observed frequency drifts from Table 1. The to-
tal range of observed luminosities is shown by the horizon-
tal bars with a point placed at the average luminosity. Open
circles indicate objects for which burst oscillations are coin-
cident with radius expansion bursts, while solid triangles in-
dicate those that are not. We use an Eddington luminosity of
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FIG. 11.— The frequency drifts, ∆ω/(2pi), as a function of the persis-
tent luminosity, Lpers (in units of LEdd = 2.5× 1038 erg s−1). Two different
crustal models are plotted (Brown 2005, private communication) with com-
positions of 56Fe (thick solid line) and 106Pd (thick dashed line). We assume
that Ab/Zb = 2, µb/µc = 1.0, and that initially Tb = 109 K. We compare this
with the largest observed frequency drifts of the non-pulsar, bursting NSs (see
Table 1). The observed drifts should be viewed as lower limits since observa-
tional or excitation-related effects may result in the initially observed surface
wave having Tb < 109 K. The horizontal bars indicate the range of luminosi-
ties shown by each object, with a point at the average luminosity. Open circles
indicate NSs that show radius expansion bursts at the same time as burst os-
cillations, while solid triangles indicate NSs that do not. 4U 1728 − 34, Aql
X − 1, and 4U 1636 − 536 have shown both cases.
LEdd = 2.5× 1038 erg s−1 so as to be consistent with the work
of Ford et al. (2000). The observed drifts should be viewed
as lower limits since the surface wave may not be excited un-
til the bursting layer’s temperature is below the Tb = 109 K
that we use here. Qualitatively, the higher luminosity NSs
show smaller drifts, as expected from our models. Further-
more, lighter crustal material is favored for explaining the
observations. This is consistent with the cooling timescale
of the bursts (see Table 1), which suggest He-rich bursts that
produce iron-like nuclei ( and would not produce rp-process
elements such as 106Pd). In general, these objects are not all
expected to have the same crustal composition, and this can
be studied by making further comparisons with detailed mod-
eling and consideration of each system’s bursting and binary
properties.
6. COULD OTHER ANGULAR MODES BE PRESENT?
In §4.2 we considered the multitude of rotationally modi-
fied solutions available, all with the same single node radial
structure, and identified only one that satisfied the properties
of burst oscillations. The other low angular-order modes re-
sulted in frequency shifts that were too large, and sometimes
in the wrong direction. Nevertheless, these modes may be
compelling to study since a priori we do not have a reason
to exclude them, and more sensitive observations may re-
veal these additional modes. Such a measurement of multi-
ple modes would revolutionize our knowledge of an accreting
NS’s mass, radius, spin, and surface layers.
We calculate the time dependent frequencies from Model
1, this time considering a variety of the low angular-order
modes, all with the same single-node radial eigenfunction as
used for the burst oscillation. We compare NS spins of both
300 Hz (Fig. 12a) and 600 Hz (Fig. 12b) (dashed lines).
Generally, a faster spin shows larger frequency drifts for these
modes because λ∝ q2. This is not the case for the l = 2, m = 1
r-mode we favor as the burst oscillation, which shows no de-
pendence on Ω (thick solid lines). When the cooling is fastest
at early times, the frequency shifts are dramatic, ranging any-
where from≈ 15 Hz (for the Kelvin modes) to ≈ 100 Hz (for
the rotationally modified g-modes). Such large shifts have
not been seen in previous frequency searches of X-ray burst
lightcurves, but may be lurking, undetected. On the other
hand, because of the late time frequency stability afforded by
the crustal mode, one could argue that if these modes existed
they would have already been detected when the frequency
evolution is weak. The resolution of this question depends on
the actual oscillation amplitude. If the burst oscillations are
any indication, the amplitudes are largest soon after the burst
peak when the frequency shift is greatest. The stable part of
the frequency might then have an amplitude below detectable
levels. It remains an important exercise to search the exten-
sive database of burst lightcurves for signatures of oscillations
similar to what we describe here.
7. CONCLUSIONS AND DISCUSSION
We considered nonradial surface oscillations as a possible
explanation for the oscillations observed during type I X-ray
bursts on non-pulsar accreting NSs. In studying the time evo-
lution of a shallow surface wave, we found that this mode
changes into a crustal interface wave as the surface cools,
a new and previously unexplored result. This phenomenon
allows us to match both the observed frequency shifts and
the high stability of the asymptotic frequency of burst os-
cillations. To find frequencies in the observed range, the
modes must be highly modified by rotation, resulting in the
NS spin occurring merely ≈ 4 Hz above the burst oscillation
frequency. Following similar reasoning to Heyl (2004), we
find that the majority of the rotationally modified modes can-
not match all of the observed properties of burst oscillations,
because they predict too large of drifts and/or drifts of the
wrong direction. The l = 2, m = 1 buoyant r-mode (λ≈ 0.11)
overcomes all of these difficulties, and for this reason it is the
favored mode to explain the burst oscillations. Perhaps not
coincidentally, this mode has other attractive qualities such
as a wide latitudinal eigenfunction that may make it easier to
observe.
An important mystery that we did not resolve here is why
burst oscillations in the non-pulsars are only seen in the short
∼ 2 − 10 s bursts (not counting the superbursts), a decay
timescale indicative of He-rich fuel at ignition. While Models
1 and 2 show frequency and amplitude evolution similar to
what has been observed for burst oscillations, Model 3 does
not. This is not unexpected because the first two (especially
Model 1) reflect what we expect for He-rich bursts, but it is
at the same time perplexing because we have no reason a pri-
ori to explain why burst oscillations as from Model 3 are not
observed. There must then be some physical mechanism for
why they are not seen. In the study by Cumming & Bildsten
(2000), they find that modulations in the flux at the burning
depth can be washed out if the thermal time is too long in
the hydrostatically expanding and contracting surface layers.
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FIG. 12.— Frequency evolution of the lowest angular-order, rotationally modified modes from Model 1. All modes are l = 1, unless otherwise noted, where
l refers to the latitudinal quantum number in the slowly spinning limit. In every case the radial structure is the single-node mode as we focus on for the burst
oscillation. The mode frequencies are denoted by solid lines, with the NS spin as a dashed line. In (a) we consider a spin of 300 Hz and find that its frequency
shifts are somewhat smaller than for a 600 Hz spin as shown in (b). Even so, all the frequency shifts are much larger than the l = 2, m = 1 r-mode that we favor
as the burst oscillations (which is also plotted for comparison; thick solid line).
This effect is dependent on the mean molecular weight so that
it is weak for He-rich bursts, but fairly strong for mixed H/He
bursts. It is possible that a similar phenomena occurs just
above the nonradial modes that we study here.
There remain many properties of burst oscillations that are
not studied in our work here (for example, see the observa-
tions of Muno, Özel, & Chakrabarty 2002, 2003). The char-
acteristics of the oscillating light curves, the energy depen-
dence of the pulsed amplitudes, and the phase shifts of differ-
ent energy components all can be used to learn about the ac-
creting NSs that are exhibiting these burst oscillations. Such
investigations have just been initiated by Heyl (2005) and
Lee & Strohmayer (2005).
The most exciting implication of our study is that the
asymptotic frequencies and drifts are directly related to prop-
erties of the surface NS layers. The crustal interface wave
depends on the attributes of the crust, which in turn is a prod-
uct of the X-ray burst properties, and especially its superburst
properties. Superbursts are deep enough to directly impact
the composition of the NS ocean, and eventually, as material
advects down with the accretion flow, the crust. The accret-
ing low mass X-ray binary 4U 1636 − 536 has exhibited oscil-
lations during a superburst (Strohmayer & Markwardt 2002),
and during X-ray bursts both before and after (Zhang et al.
1997; M. Muno 2004, private communication), all with the
same asymptotic frequency. Energetically, superbursts could
easily excite crustal waves since they are roughly a thousand
times more energetic than normal X-ray bursts. For the fre-
quency to be the same in each occurrence the crustal proper-
ties could not have changed during this time. This is possible
as long as 4U 1636 − 53’s superburst recurrence time is short
enough that the crust keeps a steady state composition. A
crust at ≈ 1013 g cm−2 requires≈ 7 yrs at an accretion rate of
10−8 M⊙ yr−1 to be replaced by new, accreted material. Such
a timescale favors a crust that has not changed significantly
given that 4U 1636 − 53 has produced three superbursts in the
last 4.7 yrs (Wijnands 2001; Strohmayer & Markwardt 2002;
Kuulkers et al. 2004).
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NS crust models, Andrew Cumming for advice on solving the
heat diffusion equation, and Mike Muno for answering our
many questions about X-ray burst observations. Our study
has also greatly benefited from the input of a number of peo-
ple including Phil Arras, Deepto Chakrabarty, Philip Chang,
Anatoly Spitkovsky, Tod Strohmayer, and Greg Ushomirsky.
This work was supported by the National Science Founda-
tion under grants PHY99-07949 and AST02-05956, and by
the Joint Institute for Nuclear Astrophysics through NSF grant
PHY02-16783.
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TABLE 1
PROPERTIES OF X-RAY BURST OSCILLATIONS FROM NON-PULSARS
ω/(2pi)a ∆ω/(2pi)b τ c Radius Lpers/Ledde References
Object (Hz) (Hz) (s) Expansion?d (%)
EXO 0748 − 676 45 . . . . . . No 0.9 − 3.6 1,2
4U 1916 − 053 270 3.58± 0.41 . . . No 1.3 − 5.6 3,4
4U 1702 − 429 330 1.6 − 3.0 1.9 − 4.0 No 3 − 6 5,6,7,8
1.1 − 8 9
4U 1728 − 34 363 2.1 − 3.75 1.8 − 6.2 Yes and No 3.3 − 9.8 2,6,7,10,11
2 − 7 8
SAX J1748.9 − 2021 410 . . . 13.0 No . . . 12
KS 1731 − 260 524 0.9 − 2.0 2.6 − 4.1 Yes 25 7,13,14,8
1.2 − 14.4 9
Aql X-1 (1908 + 005) 549 2.4 − 4.0 2.7 Yes and No 1 − 3 7,15,16,8
4U 1658 − 298 567 ≈ 0.5 − 5 6.9 − 12.5 Yes 0.2 − 1 7,17,18,19
4U 1636 − 536 582 1.0 − 3.0 . . . Yes and No 2.2 − 7.8 2,7,20,21,22
10 − 15 8
5.6 − 12.8 9
Galactic Center Source 589 ≈ 1 . . . Yes . . . 23
SAX J1750.8 − 2980 601 ≈ 3f ≈ 3 Yes 0.2 − 4.8 24,25
4U 1608 − 522 619 ≈ 1 . . . Yes 4.4 − 17.4 2,7,26
0.7 − 6 8
REFERENCES. — (1)Villarreal & Strohmayer (2004); (2) van Paradijs, Penninx, & Lewin (1988);
(3) Galloway et al. (2001); (4) Boirin et al. (2000); (5) Markwardt, Strohmayer, & Swank (1999); (6)
Strohmayer & Markwardt (1999); (7) Muno et al. (2002); (8) Ford et al. (2000); (9) Cornelisse et al.
(2003); (10) Strohmayer et al. (1996); (11) van Straaten et al. (2001); (12) Kaaret et al. (2003); (13)
Smith, Morgan, & Bradt (1997); (14) Muno et al. (2000), (15) Zhang et al. (1998); (12) Cumming & Bildsten
(2000); (13) Wijnands, Strohmayer, & Franco (2001); (18) Wijnands et al. (2002); (19) Wijnands et al. (2003);
(20) Strohmayer et al. (1998); (21) Miller (2000); (22) Strohmayer (1999); (23) Strohmayer et al. (1997); (24)
Kaaret et al. (2002); (25) Natalucci et al. (1999); (26) Hartman et al. (2003)
aAsymptotic frequency.
bThe range of frequency drifts seen from each object.
cEstimate of the decay time of cooling in those bursts that exhibit oscillations. This should be considered
as only a rough estimate since different authors use different methods of measuring this quantity. The main
conclusion to be inferred here is that these are all short, He-like bursts.
dWhether or not radius expansions are observed in those bursts that exhibit oscillations. Aql X-
1 usually shows radius expansions with burst oscillations, but there is one case when it did not (see
Muno, Galloway, & Chakrabarty 2004).
eThe persistent luminosity as a percentage of the Eddington luminosity. Each range of measurements is
shown for those objects with multiple observations. We use LEdd = 2.5× 1038 erg s−1 to be consistent with
Ford et al. (2000).
fThis drift could be interpreted as preceding the burst peak.
TABLE 2
COOLING NEUTRON STAR MODELS
Model Bursting Layer Ocean/Crust Fc (erg cm−2 s−1) µ0 ≡ µ/P ρc (g cm−3) µb/µc
1 40Ca 64Zn 1021 8.8× 10−3 1.8× 109 0.94
2 40Ca 64Zn 3× 1021 8.8× 10−3 9.3× 109 0.94
3 64Zn 104Ru 1021 1.1× 10−2 3.4× 108 0.90
